The development of micro aerial vehicles has been hindered by a poor understanding of the flight dynamics associated with the unique aerodynamic regime. This study experimentally estimates the aerodynamic damping derivatives of flat-plate wings with aspect ratios less than 3 at a Reynolds number of 7.5 × 10 4 ; when combined with previously published results detailing the lateral and longitudinal static loads, a dynamic model is developed for lowaspect-ratio wings. The initial-condition response of the linear equations of motion shows that the loading created by roll stall results in purely aerodynamic lateral modes which, unlike conventional aircraft, are not attributed to geometric features, such as the vertical tail; this response was favorably compared with the integration of the full nonlinear equations. The mode is manifested by divergent, high-amplitude perturbations in sideslip, bank angle, and roll rate; furthermore, it is seen to be affected by angle of attack variations, which significantly alter the instantaneous value of the roll stability derivative L β . If the input frequency of the angle of attack oscillations is close to the natural frequency of the pure lateral mode, the bank angle is seen to drift away from its equilibrium value due to an attenuated restoring roll moment. This represents a previously unconsidered stability mode, referred to as roll-resonance, which couples the lateral and longitudinal stability axes for small perturbations from equilibrium flight conditions. 
S
IGNIFICANT progress has been recently made in the development of novel, bioinspired micro aerial vehicles (MAVs) ranging from flexible/morphing wing aircraft to nano-and pico-scale flapping-wing flyers [1] [2] [3] [4] [5] [6] . The design of these vehicles has been predominantly based upon iterative flight-testing methods due to the lack of availability of aerodynamic design tools for this complex regime, in which interactions between separated flow and tip-vortex effects strongly influence the aerodynamic loading under static and dynamic conditions [7] [8] [9] [10] [11] [12] [13] [14] [15] . While the increasing availability of wind-tunnel results for low-aspect-ratio (LAR) low-Reynoldsnumber wings has provided some baseline data for MAV designers, this has typically been restricted to longitudinal loading (lift, drag, pitching moment) of assorted planforms [16] [17] [18] [19] . Recently published results by the authors have demonstrated that the lateral loading of LAR wings experiences a significant roll moment due to roll stall, an asymmetric loading condition created by asymmetric tip vortices in sideslip; this results in large magnitudes of the roll stability derivative L β , and has significant implications for vehicle control and gust rejection [20] [21] [22] [23] .
The lateral response characteristics of aircraft have historically been attributed to the influence of a number of geometric factors, including the side forces and moments generated by the vertical tail, the antisymmetric loading of wings with sweep or dihedral, and the displacement of streamlines by the fuselage; the impact of these parameters was recognized in the earliest days of aviation, and has become standard knowledge available in aircraft dynamics textbooks [24] [25] [26] [27] . An example of oscillatory lateral motion is the Dutch-roll response, which is a periodic response of sideslip, roll, and yaw, and is typically stable for correctly sized vertical-tail surfaces [28] . A rotation of the aircraft about its center of gravity induces static and dynamic loading dependencies due to these geometric asymmetries about the plane of the wing; these typically required empirical windtunnel data to provide reliable estimates of the associated magnitudes [24] . The challenges involved in designing a laterally stable MAV suggest that the aerodynamic regime itself is a fundamental cause of the instabilities; specifically, the presence of roll stall on LAR wings is associated with the increased impact of tip vortices when the wingspan is sufficiently small, and has been discussed as an underlying factor in gust sensitivity and loss of control during banked turns [20] . To address this, the models tested in this experiment are designed to remove the aforementioned geometric features by testing simple flat plates, which make it possible to isolate the impact of the flow behavior on the static and dynamic stability characteristics of the wing.
A full investigation into the inherent dynamics of LAR wings requires estimates of the aerodynamic damping derivatives; this type of survey using canonical flat-plate wings has not been conducted at low Reynolds numbers due to the associated experimental challenges. The authors have updated their experimental setup at the University of Florida to enable these measurements in all relevant degrees of freedom (roll, pitch, yaw, plunge) using a forcedoscillation technique [29] . The availability of all potential static and dynamic load dependencies for the first time in a Reynolds-number regime applicable to MAVs permits the development of a dynamic model for LAR wings; this paper describes how the nature of the loads created by roll stall provides unique, coupled stability modes, which are attributed to the flow effects and inertial properties of the wings. Similar types of investigations have been previously conducted to characterize the nonlinear aerodynamic effects and stability-analysis methods, such as wing rock, inertial coupling, unsteady aerodynamics, buffeting, and the application of catastrophe theory; the reader is referred to the list of provided review publications, which describes these in great detail [27, [30] [31] [32] [33] [34] [35] [36] [37] . It should be noted, however, that these aforementioned modes are typically present at the maneuverability limits of high-performance aircraft, and that the bulk of the existing literature refers to higherMach-number regimes. The results presented in this paper for rectangular LAR wings are applicable to the low-Reynolds-number, fully incompressible flight regime of MAVs (Mach number ∼0.03), and are also shown to occur at cruising flight conditions. As such, they have critical implications for future MAV designers, as it is necessary to consider the inherent dynamics of the wing before incorporating the additional effects of geometric features in the quest to design a passively stable vehicle.
The outline of this paper is as follows: the experimental setup and methodology used to collect the damping derivatives are summarized in Sec. II. The measured values of these derivatives are plotted and described in Sec. III. The simulation results for the nonlinear equations of motion are depicted in Sec. IV and are compared with linear models, which are used to describe the parameters of the stability modes. Finally, the relevant conclusions of the study, with respect to the impact of these results on future MAV design, are discussed.
II. Methodology
A. Experimental Setup: Wind Tunnel and Force Balance
All experimental results collected in this investigation were obtained using the Prototunnel located at the University of Florida campus, which has previously been described in detail by the authors [19] . Results are presented for a flat-plate wing (0% camber) with an aspect ratio of unity (b c 10.2 cm), a 5∶1 elliptically rounded leading edge, and a thickness-to-chord ratio of 1.6%; aspect ratios of and 2 were also tested, although, as the dynamics were similar to those of the case, the results are not discussed in this paper for brevity. This result is not entirely surprising, as previous results by the authors indicated that the behavior of roll stall, which will be shown to be the driving mechanism for the lateral-stability modes of LAR wings, is similar for aspect ratios below 3 [20] . Testing of aspect ratios above 2 is not currently feasible due to the geometric constraints of the Prototunnel and the inertial limitations of the model positioning system (MPS) motors. Figure 1 shows a schematic depicting the model placement relative to the force balance and MPS in the tunnel, in addition to relevant coordinate axes and the definition of sideslip angle (which is defined as negative when there is a flow component moving in the y b axis, as this corresponds to the wing translating in a positive flight direction [27] ).
B. Forced-Oscillation Technique
While a number of experimental methods exist for the estimation of aerodynamic damping derivatives, accurate results have been notoriously difficult to obtain [38] . Techniques such as free oscillations, forced oscillations, curved-flow tunnels, and free-flight testing have been applied to a wide variety of aircraft configurations to obtain first-order estimates of damping parameters [39] [40] [41] [42] [43] [44] [45] . The MPS was designed and built by the group to conduct forcedoscillation testing, which permits the testing of different degrees of freedom and angular/translational rates; this is desirable for LAR wings, as no systematic investigations of the damping parameters have previously been conducted for this unique low-Reynoldsnumber regime. The potential high incidence angles and susceptibility to large gust perturbations common to the MAV regime require the characterization of these derivatives for a wide variety of conditions.
Aerodynamic damping is an out-of-phase loading, which opposes the translational and angular velocities of a wing (or aircraft) in a manner physically identical to a dashpot damper in a dynamic systems analysis [38, 46] . As such, forced-oscillation testing is designed to intentionally generate a motion profile representative of a harmonic oscillator. As the displacement of the wing can be modeled by a second-order linear differential equation with a known solution, the damping constant can be extracted.
The motion of a forced, periodic oscillator with constant damping and a linear relationship between the angular displacement of the model γ and the forcing term F 0 cosωt is represented by the differential equation:
γ C_ γ Kγ F 0 cosωt (1) in which C is the (constant) damping term, K is the restorative spring term, and ω is the angular velocity of the motion (with all terms normalized by moment of inertia) [46] . The solution of this equation can be expressed in the form γt γ 0 cosωt δ, in which δ represents the phase lag between the forcing term and the motion of the body. The position, velocity, and acceleration of γ can be expanded using trigonometric identities, and grouped into sinωt and cosωt terms:
Equations (2) and (3) can then be simultaneously solved for the damping constant C and a spring term K − ω 2 : 
The desired output of the forced-oscillation method is an estimate of the phase lag (δ −ωt lag ) between the displacement of the model and the aerodynamic loading; the aerodynamic damping derivatives, by convention, are then the negative of the damping constant C. Thus, by accurately measuring the time delay, the forced-oscillation method permits estimates of the damping derivatives; however, due to the low amplitudes of recorded signals, some postprocessing is required and is discussed in Sec. II.D.
C. Data Acquisition and Testing Procedure
To collect sufficient data to provide reliable estimates of the damping derivatives, a large number of oscillations are prescribed with which to estimate the time lag. Models are mounted at a particular incidence of angles of attack and sideslip, and are prescribed oscillations lasting for a record of 40 periods at frequencies of f 0.5, 1, 1.5, 2.0, 2.5, and 3.0 Hz; these values are similar to reported magnitudes of steady-state periodic in-flight motions of MAVs [47] . The physical frequencies are used to compute reduced frequencies of k fb∕2U 0 , which permits a nondimensional comparison between different experimental setups. Data are sampled at f s 1000 Hz.
The time lags between the aerodynamic loads and the model displacement, measured with the microloading technology (MLT) force balance and encoders on each motor axis, respectively, are then computed at every zero crossing. Displacement amplitudes are 1 deg for pitch and yaw, 3 deg for roll, and 0.5 cm for plunge; the smallamplitude oscillations keep the loads within a linear regime, and smaller perturbations are possible for pitch and yaw due to the gearing on the MPS. While the forced-oscillation amplitudes must remain small to satisfy Eq. (1), it is not sufficient to assume that the aerodynamic damping of LAR wings is constant for any incidence angle relative to the freestream; thus, the small-amplitude tests are repeated at angles of attack of α 0, 10, 20, 30, 40, and 50 deg, and corresponding sideslip angles of β 0, 10, 20, and 35 deg. This permits piecewise interpolations of the damping derivatives in flight dynamic simulations of the nonlinear equations of motion. The experiment is repeated to collect up to 10 records of each frequency and incidence-angle combination to ensure repeatability; the estimated time delays are then averaged over the records, and used to compute the relevant derivative.
D. Data Reduction
Acceptable measurements of t lag require addressing issues of low signal-to-noise ratio (SNR), synchronizing data acquisition (DAQ) with specific points in the motion trajectory and precise filtering of the data. These issues will be briefly discussed in this section, and have been analyzed in greater detail in a previous work by the authors [29] .
Motion Quality and Data-Acquisition Synchronization
The optical encoders used for position feedback control on the MPS motors are used to both track the desired motion of the axis and synchronize the beginning of DAQ. When the encoder on the axis of motion registers the beginning of the first step, the motion controller triggers a breakpoint, which is sent to the DAQ card and initiates the data acquisition. Figure 2 shows the measured encoder position for a given forced oscillation in pitch of θ 0 1 deg at a frequency of 1 Hz; only the first five periods are shown for clarity. The discretized steps of the motor are seen to smoothly track the desired trajectory, permitting the use of Eq. (1) to describe the motion. To correlate the ground truth of the model with the rotation of the motor, high-speed camera videos were taken of the oscillating wing, and the time history of its angular displacement was matched with the encoder signal. This video also confirmed that motion occurred in only one degree of freedom, that is, during a prescribed pitch oscillation, the sideslip angle of the model did not vary.
Filtering Techniques
While the displacement of the model can be tracked by the motor encoders, the low amplitudes of oscillation and vibrational noise of the tunnel and MPS deteriorate the SNR of the data; often, the SNR is as low as 0.1. In many scenarios, this would be detrimental to the prospects of extracting viable data from the signal; however, an examination of the frequency content of the signals for all six channels of the MLT balance indicates that the vibrational noise typically occurs above 10 Hz, whereas the maximum motion frequency tested is 3 Hz. This small but significant bandwidth permits a low-pass filter to be set at a carefully selected cutoff frequency f c , which removes the noise from the raw data without attenuating the desired component; for the frequencies between 0.5 and 3 Hz tested in this study, f c was set between 3 and 5 Hz. Figure 3 shows the frequency content and the corresponding filter characteristics for a sample case of pitch motion occurring at f 1 Hz.
While the gain properties of the filter must be carefully selected to attenuate the noise in the data, it is also important to recognize that the filter dynamics will impart a phase lag to the output signal; as the lag of the aerodynamic loading relative to the model displacement is the desired result of the experiment, this is a potential error source. To address this, a zero-phase filtering technique is used with the fourthorder Butterworth filter depicted in Fig. 3b . This method filters the signal in the forward direction, and then reverses the data array and performs the same filtering operation, eliminating the phase lag.
Validation of Algorithm
To ensure that the filtering techniques described in the previous section achieve the desired result, a test function was assigned a phase lag corresponding to t lag 0.01 s, and then contaminated with Gaussian noise and run through the postprocessing code used to compute the damping derivatives. An initial function γ w , representing the motion of the wing, and a delayed function γ w;lag , representing the loading, are defined:
Gaussian noise is then added to the data signal to create an SNR of 0.1; both full-spectrum (white noise) and band-limited noise signals are considered to determine how the presence of noise at the carrier frequency of f 2.5 Hz affects the estimation of the time delays. The low-pass-filter cutoff frequency is nominally set at 4 Hz. Plots of the original signal, the frequency content of the band-limited noise, and the filtered signal are shown in Fig. 4 ; the imparted time delays are correctly measured to be 0.01 s with 95% confidence bounds on the order of 1e − 5 [29] . The results indicate that zero-phase filtering satisfactorily eliminates the noise from the data, and estimates the time delays with a high degree of confidence; the presence of noise at the carrier frequency reduces the effectiveness of the filter, and the 
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use of a unidirectional filter imparts a significant lag to the measured data. The success of the zero-phase filter indicates that the phase lag of the experimental data can be computed with confidence, provided that the minimum noise frequency is a factor of 2-3 Hz higher than the motion carrier frequency.
III. Measured Damping Derivatives
The results presented in Sec. II.D indicate that it is possible to extract meaningful and reliable estimates of the aerodynamic damping derivatives. A large test matrix was devised, and damping derivatives were computed for loads with dependencies on roll rate, pitch rate, and yaw rate (∂∕∂p, ∂∕∂q, ∂∕∂r, respectively); derivatives due to translational accelerations, ∂∕∂ _ α and ∂∕∂ _ β, were found to be negligible. The results for oscillations in a given degree of freedom are plotted in Figs. 5-7 for the wing tested at a Reynolds number of 7.5 × 10 4 . Any load that demonstrated nonnegligible damping is listed on the horizontal axis, with the corresponding derivative on the vertical axis. In the figures, "xx" is used as a placeholder to denote normal (NF) and side (SF) forces as well as roll (RM), pitch (PM) and yaw (YM) moments. As previously published results have indicated that nondimensional aerodynamic loads do not vary significantly between Reynolds numbers of 1 × 10 4 and 1 × 10 5 for LAR wings, only a single representative condition was tested in this experiment to limit the amount of data being presented [17, 19] . The results are presented in body axes (normal force and axial force) instead of stability axes (lift and drag) to avoid confusion between the lift force and roll moment, which are both often represented by the variable L.
The results displayed in Figs. 5-7 represent the first experimental measurements of the aerodynamic damping derivatives of LAR wings at low Reynolds numbers. The largest magnitudes are seen to be the damping of normal force in pitch (C Z;q ), which are nominally an order of magnitude larger than any other derivative measured; however, the trends present for all derivatives are similar. The magnitudes of the damping derivatives are largest at the lowest oscillation frequencies, and decrease exponentially with higher values of k. The behavior of the data suggests that the aerodynamic damping approaches zero for f > 3 Hz (k > 0.1), although this is merely speculative, as experimental measurements are not currently feasible with the MPS at higher frequencies; however, a linear stability analysis of the LAR wing response presented in the following section indicates that the natural frequency of the inherent modes is around f 1 Hz, in which the damping derivatives are well represented. All aerodynamic derivatives measured were negative, implying positive (stable) damping. Some cross-coupled derivatives were observed, specifically damping in roll moment with pitch (C L;q ) and damping in normal force/pitch moment with roll rate (C Z;p and C M;p ) at increased sideslip angles, although the magnitudes were typically small. Additionally, the roll damping derivative C L;p was conspicuously absent when no sideslip angle was present; this surprising result is attributed to the small wingspans of the LAR wing experiencing only minor variations in induced velocity due to the roll rate. The lack of roll damping is a plausible explanation for the jittery nature of MAV flight.
The damping derivatives of flat-plate wings with aspect ratios of 1.5 and 2 were also measured and were typically found to demonstrate the same trends as the case. The maximum damping was present at f 0.5 Hz, and decreases at greater motion frequencies. Most results indicated positive (stable) damping, although the normal force derivative due to roll rate C Z;p was found to experience slight negative damping at the highest sideslip angles tested for . The most significant difference between the aspect ratios was a minor reduction in amplitude as the wingspan was increased, and the effects of the tip vortices on the loading were diminished. The close similarity of the results indicates that dynamic loading of these wings is affected in much the same way as the case, which is also the case for the static loading [20] ; as a result, only simulation results for an aspect ratio of unity are presented in this paper. They are representative of the stability characteristics of rectangular wings with for which roll stall is prevalent.
IV. Stability Considerations for LAR Wings
Previous publications by the authors and others have detailed the static loading characteristics of LAR wings [8, [17] [18] [19] [20] ; the results from this investigation have provided the relevant damping derivatives for a wide variety of conceivable incidence angles. This makes it possible to completely describe the functionality of the aerodynamic loading, which permits the formulation of a dynamic model for LAR wings at low Reynolds numbers and an analysis of the modal response to perturbations from equilibrium flight. It will be shown that the unique loading conditions generated by the short wingspan, particularly the effects of roll stall on the roll and yaw moments of the wing, create a purely aerodynamic lateral-stability mode; furthermore, this mode can be shown to depend on angle of attack perturbations, indicating a cross coupling of the stability axes. Experimental data have shown that roll stall is present and significant for rectangular and tapered flat-plate wings, as well as for an MAV wing and complete MAV aircraft [20, 21] ; because of this, the canonical results discussed in the following sections for a flat plate with an aspect ratio of unity may be considered to represent a more general case for planforms that are affected by roll stall. Although no data are presented here for full airframes, the susceptibility of MAVs to roll stall indicates that their stability properties may be significantly impacted by the following results.
A. Longitudinal Instability
Before considering the lateral response of LAR wings to disturbances from equilibrium, the nature of longitudinal stability should be discussed. Symmetric wings of any aspect ratio are passively unstable in pitch, as it is not possible to obtain a negative (restoring) pitch stability derivative and a statically trimmed wing without either a horizontal tail or cambered/reflexed airfoil providing balanced moments [27] . Thus, solutions to the equations of motion will be dominated by the pitch instability and will not accurately portray the lateral dynamics; furthermore, simply fixing a constant angle of attack will eliminate any potential dependencies on longitudinal motion, which are expected to be significant due to the magnitude of the roll stall derivatives.
It is of interest in this investigation to analyze both the purely lateral modes (constant α) created by roll stall, and to also determine how the cross-coupled loads and nonlinear terms in the equations of motion affect the wing dynamics. To address this, angle of attack trajectories are prescribed in the solution instead of being implicitly solved for. In a physical sense, this may be considered to correspond to a time-varying vertical gust or a longitudinal short-period mode experienced by the flying wing. The prescribed angle of attack trajectories are given in Eq. (7):
Finally, it should be noted here that the prescribed trajectory assumes that the subsequent variations in lateral loading do not affect the longitudinal motion of the wing. This is reasonable, as previously published static results [19] and the currently presented damping derivatives indicate typically negligible effects on longitudinal loading by lateral perturbations. With the procedure for addressing the longitudinal motion of the wing now defined, the equations of motion can be considered and simplified based on the experimentally determined loading regime.
B. Nonlinear Equations of Motion and Aerodynamic Load Dependencies
The system of coupled, nonlinear, first-order differential equations, which represent the evolution of the body-axis forces and moments of a rotating rigid body, are given in Eqs. (8) and (9): in which m is the mass of the body; g is the gravitational acceleration; u, v, and w are the translational components of velocity; p, q, and r are the rotational components of velocity; X, Y, and Z and L, M, and N are the force and moment components about the body axes; I x , I y , and I z are the moments of inertia about the body axes; and I xz is the product of inertia about the x and z axes; due to symmetry about the x-z plane, I yz 0. This is a valid assumption for the LAR wings used in this investigation, as well as for conventional aircraft. Dotted terms indicate a time derivative. The nonlinear system can be written in a form suitable for numerical integration: (10) in which the x, y, and z weight vectors have been expressed in terms of the Euler angles Φ and Θ. The terms in Eq. (10) are influenced by the aerodynamic angles and rates of the wing; an accurate knowledge of the load dependencies is required for a correct model. The conventional Taylor series expansion of these loads is well known for high-aspect-ratio wings, and typically assumes that it is possible to decouple lateral and longitudinal axes [27] . Because of the significant differences in the associated flow regime, determining the dependencies of LAR wings requires experimental evidence, which considers potential cross-coupled loading and aerodynamic damping [19] . The expansions of X, Y, Z, and M about a zero sideslip angle are found to be nominally identical to high-aspect-ratio cases; however, the presence of roll stall and the associated α and β dependencies alter the nature of the L and N (roll and yaw moments) for an wing:
It may be noted in Eq. (11) that expected lateral derivatives, such as the yaw-moment dependence on roll rate (∂N∕∂p), are not included, as the experimental data from forced-oscillation testing indicated that these values were negligible for LAR wings. Of most significant interest in Eq. (11) is the presence of the cross-coupled derivatives ∂L∕∂α and ∂N∕∂α, which couples the evolution of the lateral moments to variations in angle of attack. As the models tested to obtain these experimental dependencies were simple flat-plate, rectangular wings, these derivatives are created purely due to the aerodynamic loading of LAR wings. When the aspect ratio is increased to 3, ∂N∕∂α disappears and ∂L∕∂α is significantly reduced [20] ; this indicates the unique aerodynamic regime of LAR wings, and suggests the possibility of stability modes, which are specific to this type of vehicle. A final simplification to the equations of motion is achieved by constraining the pitch angle to be constant; therefore, in addition to the _ u and _ w equations of Eq. (10) being explicitly defined in terms of the prescribed αt trajectory, the pitch-rate equation _ q is equal to zero. Thus, all cross coupling due to longitudinal variations is due to the varying vertical velocity as opposed to coupled perturbations of angles of attack and pitch. Furthermore, for flat-plate wings, the cross product of inertia I xz is negligible. These simplifications reduce the equations of motion to a more manageable form:
The Euler angles Φ, Θ, and Ψ are defined in the usual way.
Numerically integrating these equations for a prescribed longitudinal trajectory of αt and a given lateral perturbation (Δv, Δϕ, Δp, Δr) yields the time histories of the lateral state variables, and can be used to identify stability modes created by the influence of roll stall on the wing aerodynamics. In the following sections, the nonlinear solutions of Eq. (12) are considered to be the most accurate representations of the response of the wing, as they are based upon instantaneous values of the experimentally obtained forces and moments, and do not require approximations of the gravitational or nonlinear terms in the side-force equation. Linear models that compare favorably with the nonlinear results are desirable, as they then permit straightforward interpretations of the stability characteristics of the wing. Finally, it should be noted here that, although the integration is carried out in the body axes of the wing (u, v, w), the results will be presented in the more conventional stability axes, in which
C. Linearized Models of LAR Modes
A linearized model can be developed from the nonlinear equations of motion in Eqs. (8) and (9) by assuming that the Euler-angle perturbations are small; that the wing is an flat plate, in which I xz 0 and I x I y ; that the initial values of side force and roll, yaw, and pitch moments are zero; and that the products of rates (qr, pr) are negligible. It should be noted that the pw term in the side-force equation is retained due to the potentially high roll rates associated with LAR wings, although it is typically ignored for conventional aircraft. It is linearized about the initial vertical-velocity component, such that pw pw 0 . The final linear equations of motion become
in which the Δ terms represent the force and moment perturbations from equilibrium. These terms can be expanded using a Taylor series, and a linear system for the response of the wing can be constructed. The dependencies of Eq. (11) are incorporated into Eq. (14); the roll moment due to pitch rate ∂L∕∂q is neglected, as q is constrained to be zero. The ensuing linearized system is defined in Eq. (15): 
in which the first two equations ( α and _ α) are artificially constructed to induce a sinusoidal variation in angle of attack corresponding to Eq. (7). Stability derivatives are presented in dimensional form so that the solution to Eq. (15) produces time histories of the state variables in physical units.
It is apparent that a number of stability derivatives, which commonly occur in conventional aircraft analysis, such as Y r , Y p , N p , and N r , are not present in Eq. (15) . This is based upon the experimental results presented in Sec. III, which indicate that the yaw or roll rotations (r or p, respectively) did not generate a periodic load in the side force or yaw moment (Y or N). In a conventional aircraft, these derivatives are typically associated with the roll-yaw coupling created by the vertical tail [27] ; unlike roll stall, which was still found to be prevalent due to the LAR flow regime, these loads were experimentally found to be insignificant for the canonical flat-plate wing. The L p derivative is retained in Eq. (15) , as the results shown in Fig. 5 indicate that it is present, albeit with small magnitude, for high sideslip angles (β ≥ 20 deg). L r was shown to be present in Fig. 7 for a number of incidence angles, although, again, the dimensionalized magnitude is small relative to L β , and will not greatly affect the dynamics of the system.
The simplified nonlinear equations of motion and the linearized system of equations presented in Eqs. (12) and (15), respectively, are solved for the time histories of the lateral state variables:
The accuracy of the linear model in representing the nonlinear equations of motion is assessed, and the nature of the wing response is discussed and quantified. Initially, the angle of attack is held constant to determine the pure lateral response in Sec. IV.D; the sinusoidal trajectory of Eq. (7) is then prescribed, and the ensuing effects on the modal response of the wing are discussed in Secs. IV.E and IV.F.
D. Purely Lateral Motion
The initial-condition response of the system of equations described in Eq. (15) As such, the results of a linear analysis can accurately predict the stability characteristics of the wing. The parameters of the mode shapes computed from solving the eigenvalue problem, including the eigenvalues λ and eigenvectors v, normalized magnitude and phasing of the state variables, and the damping ζ and undamped natural frequencies of periodic lateral modes (ω n;lat ), are listed in Table 1 .
As seen in the simulation results, a divergent and oscillatory mode exists with significant participation by all four variables. The largest contribution is due to the roll rate, which is driven by large moments created by roll stall and corresponding low moments of inertia about the x axis. The relative magnitudes and phase delays between the variables approximately correspond with those expected for the Dutch roll of a conventional aircraft [28] . The undamped natural frequencies are all below ω n;lat 10.2 rad∕s [f 1.6 Hz], which places them within the range of frequencies at which the damping derivatives were measured experimentally.
In essence, these results demonstrate how the loading created by roll stall -predominantly the large magnitude of the roll moment due to sideslip L β -induces a linear, but divergent, Dutch-roll-type mode inherent to LAR wings. The oscillatory and unstable results of Figs. 8 and 9, computed for an arbitrary initial condition x lat;0 , which does not specifically excite any of the modes listed in Table 1 , indicate that this mode dominates the response of the wing even for small sideslip perturbations. This is confirmed by considering the response of the state variables to initial conditions which produce the mode, computed as the real part of the normalized complex eigenvector from Table 1 ; this response is plotted in Fig. 10 for α 0 15 deg, and is seen to closely resemble the response to the arbitrary initial condition of Fig. 9 . Although the amplitude of oscillations increases, resulting in a less effective linear approximation, the similarity of the plots indicates that the lateral response of LAR wings is dominated by the divergent harmonic behavior of this unstable Dutch-roll mode.
The second set of eigenvalues present for both values of the equilibrium angle of attack in Table 1 represents an overdamped, stable mode, which is also experienced by LAR wings. The response of variables returns to the equilibrium value typically within 1 s, and no harmonic oscillations are observed; the mode is excited by large initial bank angles, which are mostly out of phase with the sideslip angle. Unlike conventional aircraft, which exhibit roll sustenance and spiral modes, LAR wings do not experience real modes instigated by roll stall. As this mode is passively heavily damped, it does not contribute to instabilities, and therefore, is not of great interest in the scope of this study.
E. Effects of Angle of Attack Perturbations: The Roll-Resonance Mode
Conventional formulations of the Dutch-roll mode assume that it is unaffected by the longitudinal motion of the aircraft; however, due to the loads created by roll stall for LAR wings, the roll and yaw moments exhibit a dependency on the angle of attack. Furthermore, the high values of p and r seen in Figs. 8-10 can cause the pw and ru nonlinear terms to become significant in the side-force equation. A sinusoidal angle of attack trajectory of αt A 0 sinω α t is prescribed in the linear and nonlinear equations to investigate the effects on the response of the lateral variables. The amplitude is set to A 0 3 deg; while this is an arbitrary value, the results are found to be nominally identical for A 0 ≤ 5 deg. Larger amplitudes will naturally affect the response of the state variables; however, the purpose of this study was to determine how small perturbations from equilibrium may initiate unstable modes. Hence, a small-amplitude oscillation is maintained. The frequency ω α and phase δ of the angle of attack input are varied to assess the ensuring effects on the wing response; selected values of ω α are based on the natural frequencies of the lateral modes seen in Table 1 , such that ω α ∕ω n;lat 0.5, 1, and 2. The linear equations are trimmed about α 0 5 deg and β 0 5 deg; the nonzero trim sideslip angle is used so that the crosscoupled roll-stall derivatives Y α , L α , and N α are also nonzero. The time histories of the state variables for these test parameters are displayed in Fig. 11 .
The results of these simulations indicate that the presence of longitudinal perturbations does affect the response of all four lateral variables, although the constraint that the amplitude of the angle of attack variations remains small causes only subtle effects in most cases. The additional restoring forces and moments attributed to L α and N α increase the frequency and the magnitude of the response relative to the pure lateral cases of Figs. 8-10 . The linearized model provides a reasonable approximation for the trajectory of the wing for angle of attack variations at frequencies of ω α ∕ω n;lat 0.5 and 2. While some overshoot is present at higher sideslip deflections where the values for the stability derivatives computed at a trim condition of β 0 5 deg are no longer valid, the main features of the response are correctly captured.
When the frequency of αt is equal to the natural frequency of the lateral response, however, it is clear that the linear time-invariant (LTI) model of Eq. (15) is that of the bank angle ϕ shown in Fig. 11e ; the results of the nonlinear simulation do not oscillate about zero, but instead drift toward a considerable amplitude (−150 deg within the 3 s of the simulation). This behavior is only observed when ω α is within 50% of the natural frequencies of the original lateral mode, and suggests that the relative phasing of αt and βt in these cases causes a fundamental shift in the aerodynamic loading conditions, and resulting stability characteristics, of LAR wings. This description of the interactive effects of oscillations in angles of attack and sideslip on the bank-angle stability of LAR wings represents a mode which has not previously been described; furthermore, it is a mode that is seen to arise from small perturbations from an equilibrium flight condition. As the response of ϕ is highly dependent upon the frequencies of αt and βt oscillations having similar values, this mode will be referred to herein as the roll-resonance mode. A schematic depicting the development of the first two cycles of rollresonance is shown in Fig. 12 for an initial perturbation, which excites the divergent lateral response (r 0 < 0 deg ∕s, p 0 > 0 deg ∕s); simultaneous views of the sideslip angle (with trailing tip vortices included), the bank angle from a downstream perspective, and the angle of attack are provided. The lateral displacement of the wing is not shown. Relative magnitudes of the angular displacements and rates are taken from the simulation results shown in Fig. 11 . The effects of the angle of attack on the relative tip-vortex strength are included, and significantly influence the roll-resonance. The maxima and minima of the angle of attack trajectory are seen to coincide with the largest positive and negative values of the sideslip angle, respectively, in Figs. 12b, 12d, 12f , and 12h. At these yawed configurations, the trailing vortices are illustrated in the skewed distribution seen in the smoke-wire-visualization testing to which the linear relationship between the roll moment and the angle of attack was attributed [20] . Because of this flow asymmetry, at the positive sideslip displacements (Fig. 12b) , roll stall causes the strength of the tip vortices to increase with the angle of attack, and impart a greater-magnitude roll moment than would be generated by a wing at constant angle of attack. Similarly, during negative sideslip displacements (Fig. 12d) , the lower angle of attack reduces the strength of the tip vortices and the associated restoring roll moment. As the wing continues to oscillate in sideslip due to a restoring yaw moment (also generated by the tip-vortex asymmetry of roll stall [20] ), the disparity in tip-vortex strength and roll-moment magnitude perpetuates, and the bank angle of the wing is driven in the negative direction; while it still oscillates and may reach a less negative angle (Fig. 12f) , it never returns to a wing-level configuration. It should be noted that, if the angle of attack does not change, the strength of the tip vortices also remains nominally constant, and the restoring roll moment remains in proportion with the sideslip angle; this results in the divergent Dutch-roll mode seen in Figs. 8-10 . While the integration of Eq. (12) provides the full nonlinear response of the wing to a set of initial perturbation conditions, a more simplified model that provides more insight into the nature of the roll divergence is of interest. Because of the angle of attack variations that instigate the roll-resonance mode, a LTI model does not accurately capture the behavior of the system, as the stability derivatives of Eq. (15) will evolve with the instantaneous value of αt; this much is seen in Fig. 11 . Furthermore, the initial-condition response method commonly used to solve the linear system in Eq. (15) will not predict the departure in bank angle from equilibrium seen in Fig. 11e , as this technique inherently assumes a form of the solution e At , which may oscillate about the origin, or smoothly grow or decay, but not both. Figure 13b depicts the response of the bank angle, in which the direction of the divergence, the amplitude and frequency of the oscillations, and the magnitude of the deviation from the equilibrium angle of ϕ 0 0 deg are captured by the integration of Eq. (17) . As the only stability derivative allowed to vary with time is L β , it is clear that the effects of angle of attack perturbations on the roll stability derivative significantly impact the roll response of LAR wings; effects due to the cross-coupled derivatives would become significant for larger amplitude oscillations in αt. This is the more quantitative explanation for the roll-resonance response illustrated in Fig. 12 , as these relevant stability derivatives are attributed to the loading conditions created by the tip-vortex asymmetry of roll stall. When exacerbated by the low I x moments of inertia of LAR wings, this results in the divergent response of the bank angle. It is interesting to note that this behavior can still be modeled by a linear system, such as Eq. (17), although the value of L β must be updated for even small variations in angle of attack (Δα ≤ 3 deg).
To compare the different linear approximations used in this paper, a normalized rms deviation (RMSD) is computed for the linear and nonlinear models using Eq. (18): in which x NL and x lin are the nonlinear and linear responses, respectively. The value x RMSD is normalized by the maximum value of the nonlinear solution over the domain of interest, so that the relative magnitudes of different variables may be compared. It was computed for the state variables of all simulation results presented in this paper for 0 < t < 1 s and 0 < t < 3 s to describe how the linear approximation degrades as the oscillation amplitude increases. The results are presented in Table 2 , and typically corroborate the qualitative results obtained by observation. Roll-resonance is seen to increase the RMSD by an order of magnitude when the angle of attack oscillations occur at the natural frequency of the lateral mode (ω α ∕ω n;lat 1). The implementation of the LTV model, listed in the bottom row of Table 2 , reduces the deviation between the linear and nonlinear models by over 50% for t < 1 s, and by around 75% over the entire 3 s duration of the simulation. Similar reductions are present for the other state variables, again indicating the better approximation of the LTV model.
G. Attenuation of the Roll-Resonance Mode
As both the divergent Dutch-roll and roll-resonance modes are found to be unstable even for small perturbations from equilibrium flight, it is desirable to determine a mechanism for mitigating these responses. A range of scaling factors is applied to L β to determine the effects on the ensuing eigenvalues; the results are tabulated in Table 3 . It can be seen that reducing the roll stability derivative by a factor of 1∕11 produces positive real parts of the eigenvalues, and thus, drives the system stable, attenuating the divergent Dutch-roll mode; a larger scaling factor increases the magnitude of the negative real eigenvalue component, and thus, improves the stability characteristics. In a physical sense, the decreased impact of L β on the instantaneous loading of the wing attenuates the roll moment generated by roll stall, and thus, reduces the unstable lateral response. It should be noted here that similar results are achieved by increasing the N β derivative, also listed in Table 3 , effectively stiffening the directional stability of the wing and preventing the sideslip angle (and ensuing roll moment) from growing too large.
H. Discussion of Results
The dominance of the divergent Dutch-roll and roll-resonance modes has critical ramifications for the stability and control properties of LAR wings. First and foremost, the presence of these modes can be uniquely attributed to the derivatives created by roll stall and the low moments of inertia, which are inherent to these wings. The subsequent creation of a significant roll stability derivative L β due to the tip-vortex asymmetry of a LAR wing in sideslip is seen here to induce unstable oscillations of all lateral variables; the dependence of this response upon angle of attack perturbations through roll-resonance demonstrates a fundamental coupling of the lateral and longitudinal stability axes, which is not present for conventional aircraft flying at equilibrium conditions. The tendency of LAR wings to submit to this mode after only minor perturbations from trim conditions indicates their vulnerability to instabilities when small, nonzero sideslip conditions exist.
The modes discussed in this paper are additionally interesting, as they can be described as purely aerodynamic; unlike conventional stability modes for high-aspect-ratio aircraft, they are entirely attributed to the loading asymmetries of roll stall as opposed to the size and orientation of geometric features, such as tail surfaces. A consideration of this mode has significant impact on future vehicle design of MAVs, as control surfaces must be sized to compensate for wings with their own inherently unstable dynamics. A previous work by the authors has indicated the potential for winglets centered below the center of gravity of the wing to reduce the magnitude of roll stall, and thus, the associated stability derivative L β [21] . As weight is always a concern for MAV designers, a potential solution that would not increase the airframe weight is the implementation of a yaw damper, which would actively serve to augment the N r derivative. The most crucial impact of this investigation, however, is the understanding of the creation and influence of the divergent Dutch-roll and roll-resonance modes experienced by LAR wings, which have not previously been accounted for in MAV design. In essence, this demonstrates the ineffectiveness of conventional design tools, which do not compensate for the unstable dynamics of the wing itself.
V. Conclusions
This paper presents new results for the stability and control properties of LAR wings. To date, the uncertainties associated with the low-Reynolds-number aerodynamic regime have made using these wings in MAV design an iterative exercise. Limited information exists about the static loads experienced by MAV wings, although recent results by the authors and others have provided some canonical aerodynamic studies of longitudinal and lateral forces and moments. The first discussions of roll stall for LAR wings came out of such papers, and this previously unconsidered inherent aerodynamic load, generated on models bereft of geometric features that roll moments are conventionally attributed to, suggested the need for a better characterization of the lateral-stability-response characteristics of the wings themselves. Experimental challenges have prevented a comprehensive study of damping stability derivatives for these wings; for this reason, an active positioning system was designed and built by the group to estimate these parameters. This knowledge is then incorporated into a full model for the flight dynamics of LAR wings, and is used to simulate the response to perturbations from equilibrium (trim) conditions. Numerical integrations of the equations of motion indicated that, even for small disturbances, the response of the wing was dominated by unstable oscillatory behavior with coupled interactions between the state variables β, ϕ, p, and r. Favorable comparisons with a linearized approximation permitted the use of a linear stability analysis, which suggests that this response is similar to that of an unstable Dutch roll. The stability derivatives associated with the unique aerodynamic loading of LAR wings thus cause these wings to be naturally susceptible to unstable modes, which must be compensated for when developing a full MAV. Furthermore, unlike a traditional Dutch roll where lateral and longitudinal perturbations can be entirely decoupled, angle of attack variations were seen to interact with the lateral state variables and fundamentally alter the nature of the response. A new behavior, referred to as roll-resonance, was seen to occur when short-period longitudinal oscillations αt ∼ sinω α t were imposed with a frequency close to the natural frequency of the Dutch-roll response. The interactions between the angle of attack and the sideslip angle resulted in antisymmetric restoring roll moments and an ensuing bank-angle divergence, which inherently cross couples the lateral and longitudinal stability axes. This behavior of LAR wings at equilibrium flight conditions is representative of the difficulties involved with designing MAVs; however, with the improved understanding of the wing dynamics developed in this paper, better passive and active stabilization methods can be implemented to greatly simplify the challenges of future vehicle design and automation.
